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Abstract
We revisit the method of using the photon-graviton conversion mechanism in
the presence of the external magnetic field to probe small-scale primordial magnetic
fields that may exist between the last scattering surface and present. Specifically,
we investigate impacts on the conversion efficiency due to the presence of matter,
including the plasma collective effect and the atomic polarizability. In general, these
effects tend to reduce the conversion probability. Under this more realistic picture
and based on the precision of COBE’s measurement of CMB (cosmic microwave
background) blackbody spectrum, we find an upper bound for the primordial mag-
netic field strength, B . 30G, at the time of recombination. Although at present the
bound based on the photon-graviton conversion mechanism is not as tight as that
obtained by the direct use of CMB temperature anisotropy, it nevertheless provides
an important independent constraint on primordial magnetic fields and at epochs in
addition to the recombination. The bound can be significantly improved if the CMB
blackbody spectrum measurement becomes more precise in future experiments such
as PIXIE.
1 Introduction
Magnetic fields in the universe have been observed at various scales (see, for instance, [1,2]
and references therein). For instance, there exist intra-galactic magnetic fields at the level
of O(µG). Magnetic fields also exist in cluster of galaxies. However, their origin remains
uncertain and even the possibility of its primordial origin going back to inflation has been
seriously considered [3–12].
In this equivocal situation, it is important to use as many independent methods as
possible to probe magnetic fields on any scale and at any time to build up a consistent and
robust picture of the evolution of the magnetic fields. Among such probes, the standard
one is to compute the temperature anisotropies of the Cosmic Microwave Background
(CMB) induced by the magnetic fields and to compare them with observations. This
method basically probes the magnetic field that might have existed prior to recombination.
Assuming that the cosmic magnetic field strength scales as B ∝ a−4, due solely to the
cosmic expansion, where a is the scale factor, this places an upper bound on its present
value as B∗ < O(nG) (the pricise value depends on the assumption on the spectral tilt of
the power spectrum of the magnetic fields, for instance, see [13] and references therein).
Big Bang Nucleosynthesis(BBN) is another useful probe of the magnetic fields that might
have existed at the time of BBN (see for instance, [14] and references therein). The
presence of the magnetic fields affects the expansion rate of the universe, which in turn
changes the nuclear reaction rates and the abundance of light elements. Observations of
the light elements put the bound on the magnetic field as B∗ < O(µG) normalized by
today’s value. High energy gamma-rays measured by High Energy Stereoscopic System
(HESS) and Fermi Telescopes recently derived lower bounds on the magnetic field (as a
function of the coherent length scale of the magnetic fields) from the observation of TeV
gamma-rays (by HESS) and non-observation of GeV gamma-rays (by Fermi Telescope),
which is not compatible with zero magnetic fields [15, 16].
Photon-graviton conversion is an alternative and completely different probe of the mag-
netic field. The photon-graviton conversion, or in more general term the photon-graviton
oscillation, occurs whenever the photon propagates in the presence of the magnetic field.
The background magnetic field induces a coupling between photon and graviton states,
which causes the mixing of propagation eigenstates. This phenomenon itself was first no-
ticed by Gertsenshtein [17]. One of the present authors (P.S.) invoked this mechanism to
investigate cosmological magnetic fields by using the CMB as the incident photons [18].
The magnetic fields, if they do exist after the recombination, would convert some of the
CMB photons into gravitons which are not detectable, results in the reduction of CMB
intensity from the blackbody radiation spectrum. How much the CMB intensity is di-
minished depends on the magnetic field strength. In [18], it was pointed out that the
detection/non-detection of the deviation of the CMB distribution from the perfect black-
body spectrum should enable us to detect/constrain the strength of the magnetic field.
This paper aims at refining the calculation of the probability of the photon-graviton
conversion for the CMB photons derived in [18] by taking into consideration two matter
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effects: plasma oscillations and atomic polarizability, so as to deduce a more reliable
constraint on primordial magnetic fields. While the effects due to atomic polarizability
was briefly discussed [18], that due to plasma oscillations was not taken into account in the
original paper. Such matter effects tend to significantly change (in general suppress) the
conversion probability compared to that in the vacuum case (for the effect of the plasma
oscillation alone, see [19]). We will find that the current bound on the deviation of the
CMB from the blackbody radiation places the upper bound on the magnetic field strength
normalized by today’s value at about 30 G or larger, depending on the coherent length of
the magnetic field. This bound can be improved by using the proposed future experiments
such as PIXIE [20].
2 Photon-graviton conversion
In the presence of background magnetic field, the electromagnetic wave and gravitational
wave are coupled with each other, which results in the conversion between them. Consid-
ering plane waves traveling along the z-axis, we can construct two convenient variables H1
and H2, defined by
H1 =
1√
8πG
(sin βh+ − cos βh×) , H2 = 1√
8πG
(cos βh+ + sin βh×) , (1)
where h+ and h× are standard polarization modes of gravitational waves, β is defined by
~B⊥ = B⊥(cos β, sin β) and ~B⊥ is the magnetic field projected onto the x − y plane. Lin-
earized Einstein equations and Maxwell equations show that wave equations are separable
into two decoupled set of equations that take exactly the same form: a set of two equations
that contains only H1 and Ax (x-component of the vector potential) and the other set that
contains only H2 and Ay. Explicit forms of those equations are given by(
ω + i∂z 0
0 ω + i∂z +∆A
)(
H
A
)
=
√
8πGB⊥
(
0 −i
i 0
)(
H
A
)
. (2)
Here H is either H1 or H2 and A is the corresponding vector potential. The term ∆A,
whose explicit expression will be provided later, represents the modification of the index
of refraction due to matter effects. (matter effects for gravitational wave are neglected due
to its extreme smallness in realistic situations).
Assuming the wavelength of the plane waves (we will eventually apply this formalism
to the case where the electromagnetic wave is CMB) is much shorter than the length scale
associated with the variation of the background magnetic field, which is actually satisfied
for a wide range of scales below the CMB scales (i. e., ∼ Mpc), we can integrate Eq. (2)
to obtain the solution expanded up to first order in ∆M ≡
√
8πGB⊥ as
H(z) = eiωz
[
H(0)− A(0)
∫ z
0
dz′ ∆M(z
′)ei
∫
z
′
0
dz′′∆A(z
′′)
]
, (3)
A(z) = eiωz+i
∫
z
0
dz′∆A(z
′)
[
A(0) +H(0)
∫ z
0
dz′ ∆M(z
′)e−i
∫
z
′
0
dz′′∆A(z
′′)
]
. (4)
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These equations clearly show that H and A convert into each other (although the full
conversion cannot be treated by the leading-order expansion in ∆M ). In terms of the
quantum mechanical language, this result can be interpreted as conversion between pho-
tons and gravitons.
We are interested in a situation where electromagnetic wave, which is the only existing
component initially, converts into gravitational wave during propagation. In such a case,
the conversion probability from photon to graviton during propagation over a distance d
is given by
P (γ → g) = 1− |A(d)|
2
|A(0)|2 =
∣∣∣∣
∫ d
0
dℓ ∆M(ℓ) exp
(
i
∫ ℓ
0
dℓ′ ∆A(ℓ
′)
) ∣∣∣∣
2
, (5)
where we have used d and ℓ instead of z in order to avoid confusion with redshift parameter
z that will be used later. For B⊥ close to some critical value, for which Eq. (5) approaches
unity, the higher order terms in ∆M must be taken into account. This means Eq. (5),
which we rely on, is applicable only for magnetic fields smaller than the critical value.
Nonetheless, we can still obtain meaningful constraint on the amplitude of the magnetic
field within the domain of Eq. (5). This is basically due to our use of CMB which is
experimentally confirmed to obey the Planck distribution down to O(10−4). Photon-
graviton conversion with probability larger than O(10−4) would result in the deviation
of the CMB spectrum from the Planck distribution, which would be inconsistent with
existing measurements. We will come back to this point in the next section.
In principle, we can perform double integral of Eq. (5) numerically to compute the
conversion probability. This can be done straightforwardly, but takes some computation
time. Instead of taking this approach, here we make an approximation for Eq. (5) to
analytically perform the integration by treating the phase
∫ ℓ
0
dℓ′ ∆A(ℓ
′) as a huge (i. e.,
its absolute value is much bigger than unity) and rapidly changing quantity over distance,
except for some points where ∆A becomes accidentally zero if that ever happens. Assuming
that there do exist some sites where ∆A becomes zero, which is not valid for some frequency
range of the electromagnetic wave, we can apply the saddle point method to perform the
integral of Eq. (5) and we end up with an expression given by
P (γ → g) ≈ 2π
∑
dA
∆2M (dA)
∣∣∣∣d∆A(ℓ)dℓ
∣∣∣∣
−1
ℓ=dA
, (6)
where dA is the position in which ∆A(dA) = 0. Only the small region with size given by
|d∆A/dℓ|−1/2 surrounding the point where ∆A = 0 contributes to the conversion probabil-
ity.
Eq. (6) has been derived under the assumption that the magnetic field is uniform
both in magnitude and direction within the domain where most of the conversion occurs.
If the coherent length ℓc of the magnetic field is shorter than the size of the domain,
the conversion still occurs within the domain, but proceeds independently in each small
3
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Figure 1: Ratio of RA to the horizon length as a function of the photon frequency measured
today.
region where magnetic field can be regarded as uniform. Therefore, the total conversion
probability becomes the sum of conversion probabilities evaluated for each small region
with its size given by ℓc. Then, for ℓc < RA, Eq. (6) is modified into
P (γ → g) ≈ 2π
∑
dA
∆2M (dA)
∣∣∣∣d∆A(ℓ)dℓ
∣∣∣∣
−1
ℓ=dA
×
(
ℓc
RA
)
, (7)
where RA ≡ |d∆A/dℓ|−1/2. Therefore, the conversion probability is suppressed by a factor
ℓc/RA for ℓc < RA, relative to the case where ℓc > RA.
In Fig. 1, we show the quantity RAH , which measures the ratio of RA to the horizon
length at the time when ∆A = 0, as a function of today’s photon frequency. (For the
evaluation of ∆A, see the next subsection). For the frequency interval 162 GHz < ν <
187 GHz, RAH becomes multivalued due to the existence of multiple solutions of ∆A = 0.
We find that for 100 GHz < ν < 103 GHz, which is the main frequency range of the CMB
measurement, RAH < 2× 10−3. Thus, as a conservative estimate, the boundary at which
ℓc = RA is given by ℓc = 2× 10−3H−1.
2.1 Matter effects
Various non-vacuum effects enter ∆A that modifies the dispersion relation of electromag-
netic wave in vacuum. In this paper, we take into account two matter effects, i. e., plasma
frequency and atomic polarizability. While the effects due to atomic polarizability was
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briefly discussed [18], that due to plasma oscillations was not taken into account in the
original paper.
For an electromagnetic wave with frequency ω and wave number k propagating in a
plasma, its dispersion relation is modified into
ω2 = k2 + ω2p, ω
2
p =
4παne
me
, (8)
where α ≃ 1/137 is the fine structure constant, ne is the number density of free electrons,
me is the electron mass, and ωp is the plasma frequency. As a result, the collective
oscillations of plasma contribution to ∆A is given by
∆A1 = −1
2
ω2p
ω
= −2παne
meω
, (9)
which is frequency dependent.
We next consider the atomic polarizability, which also modifies the propagation of the
electromagnetic wave from the vacuum case. In the presence of external electric field ~E,
atomic gas acquires electric polarization ~P given by
~P = αp ~E, (10)
where αA is the polarizability of atom A. This produces the electric permittivity ǫ given
by
ǫ = ǫ0 + nHαH , (11)
where nH is the number density of neutral hydrogen atoms
#1. The helium gas also con-
tributes to ǫ through the combination nHeαHe. In the cosmological background, nHe/nH ≃
1/12. Theoretical calculations give each of the polarizability as [21]
αH
4πǫ0
= 0.667× 10−30 m−3, αHe
4πǫ0
= 0.205× 10−30 m−3. (12)
Using these values, we find that the ratio of helium to hydrogen contributions is given by
(nHeαHe)/(nHαH) ≃ 0.026, which is quite tiny. We therefore neglect the helium contribu-
tion. Using Eq. (11), ∆A contributed by the atomic polarizability is given by
∆A2 =
nHαHω
2ǫ0
. (13)
Contrary to the plasma frequency, the atomic polarizability yields positive contribution
to ∆A. Notice that the atomic polarizability αH in Eq. (12) is valid only for ν < νexcite =
2.44 × 106 GHz, corresponding to the energy difference between the ground state and
the excited state of the hydrogen atom. The relative error caused by the use of Eq. (12)
scales as ∼ (ν/νexcite)2, which becomes O(1) at the time of recombination for the CMB
#1 Only in this section, we work in the SI unit.
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photons with current frequency 103 GHz. However, as Fig 2 shows, all the CMB frequen-
cies evaluated at the redshifts when ∆A vanishes are considerably lower than νexcite (the
corresponding error is at most 1 %), which justifies the use of Eq. (13).
Total ∆A is then given by the sum of Eq. (9) and Eq. (13);
∆A = −2παne
meω
(
1− αH
4πǫ0
meω
2
α
1−Xe
Xe
)
,
= −ω
2
p
2ω
(
1− 0.0061
( ω
1 eV
)21−Xe
Xe
)
, (14)
where Xe is the ionization fraction
#2. In the cosmological background, both the frequency
of the electromagnetic wave and the ionization fraction change due to cosmic expansion.
Thus, it is possible for a wide range of ω that the quantity in the parenthesis of Eq. (14)
becomes zero at some particular time (this depends on ω) between the last scattering
surface and present time. The point is that we do not need to fine-tune the frequency to
have vanishing ∆A. Vanishing of ∆A is automatically achieved for a wide range of ω in
the course of cosmic expansion.
The redshift dependence of the plasma frequency ωp is given by
ωp(z) = 1.5× 10−14 eV (1 + z)3/2X1/2e (z). (15)
As for the ionization fraction, we compute it by numerically solving the evolution equation
given in [24].
3 Result
We numerically evaluate the conversion probability from photon to graviton given by
Eq. (6) with the use of Eq. (14) as a function of the frequency of photon. With CMB as
the propagating photons in mind, the frequency range we consider is from 100 GHz to
6 THz. We fix the amplitude of the magnetic field at the time of last scattering to be
1 G and assume that it scales as (1 + z)2 based on the conservation of magnetic flux and
due to the cosmic expansion. To compute the conversion probability for different values of
the magnetic field, we simply need to rescale it by the square of the magnetic field in the
unit of 1 G because the conversion probability is just proportional to B2. If there is no
solution of ∆A(z) = 0 in the redshift interval zre = 11.4 < z < zrec = 1090, we assign zero
to the conversion probability. Strictly speaking, even if ∆A = 0 is not achieved along the
photon path, the integral of Eq. (5) does not vanish exactly in general. But the conversion
probability for such a case is expected to be highly suppressed due to the efficient phase
cancellation compared to the one for which ∆A = 0 is satisfied at some time. The lower
end zre = 11.4 corresponds to the reionization epoch [25]. The reionization invalidates,
#2 The coefficient 0.0061 appearing in Eq. (14) is different by about 15 % from 0.0073 given in [22,23],
where the polarizability of hydrogen molecules, αH2/(4πǫ0) ≃ 0.80×10−30 m−3 [21], was apparently used.
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Figure 2: Redshift at which ∆A becomes zero as a function of the photon frequency
measured today. For the frequency interval 162 GHz < ν < 187 GHz, there are multiple
such redshifts.
for z < zre, the use of Xe obtained under the approximation that only the cosmological
recombination is relevant to the ionization fraction. Since the quantitative estimation
of ∆A after the reionization is beyond the scope of our paper because of complexity of
astrophysical processes, in order to be conservative as possible, we simply do not take into
account the photon-graviton conversion that may happen after the reionization.
Fig. 2 shows the redshift at which ∆A becomes zero as a function of the photon fre-
quency measured today. The curve in Fig. 2 exhibits somewhat complicated behavior. As
we see, there is no solution of ∆A(z) = 0 for ν < 162 GHz. For 162 GHz < ν < 172 GHz,
there are two solutions both of which are between 500 and 800. Between 172 GHz and
187 GHz, three solutions exist. Above 187 GHz, there is only one solution which mono-
tonically decreases as we increase the frequency and the redshift becomes as small as 10
for ν ≃ 5000 GHz.
Fig. 3 shows the conversion probability from photon to graviton as a function of the
photon frequency measured today assuming magnetic field of 1 G at the time of recombi-
nation. Because of the absence of the solution of ∆A = 0 for ν < 162 GHz, the conversion
probability is set to be zero for that frequency range as mentioned above. Just above
162 GHz, the conversion probability suddenly increases up to 4 × 10−7 and gradually de-
cays down to 10−7 until 172 GHz. Above this frequency, number of solutions of ∆A = 0
increases by one, which results in a slight enhancement of the conversion probability across
this frequency. From 172 GHz to 187 GHz, the conversion probability mildly increases. At
ν = 187 GHz, the number of solution of ∆A = 0 becomes one and, as a result, conversion
probability suddenly drops by a factor of 3. Above this frequency, the conversion proba-
bility monotonically grows but very mildly. Even at ν = 5 THz, the conversion probability
differs from the one at ν = 187 GHz only by a factor of 6. As we have just found, the
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Figure 3: The photon-graviton conversion probability as a function of photon frequency
today. Magnetic field of 1 G at the time of recombination is assumed.
detailed behavior of the conversion probability is highly complicated as a function of ν,
but its frequency dependence is not so significant. Therefore, we can crudely say that the
conversion probability above the critical frequency ν ∼ 160 GHz is a few times 10−7 for
the magnetic field of 1 G at the time of recombination (up to ν ≃ 5 THz).
The photon-graviton conversion mechanism applied to the CMB photons results in
the frequency dependent modification of the distribution function from the Planck one.
Far Infrared Absolute Spectrophotometer (FIRAS) on board of the Cosmic Background
Explorer (COBE) confirmed for the frequency interval 60 GHz < ν < 600 GHz that the
CMB distribution is consistent with the blackbody form within ∼ 10−4. Using the scaling
P ∝ B2 and crude approximation that P ≃ 10−7 for B = 1 G, the FIRAS constraint on
the deviation of the CMB spectrum yields the upper bound on the magnetic field strength
as B . 30 G at the time of recombination. This bound is weaker than the one obtained by
the direct use of the CMB temperature anisotropies, which yields B < O(10−3 G) at the
time of recombination [18]. Nevertheless, the bound from the photon-graviton conversion
is important in that it provides the independent constraint from the CMB one by using the
completely different mechanism and that the photon-graviton conversion can probe the
magnetic fields at epochs and scales not covered by the CMB temperature anisotropies.
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Figure 4: Magnetic field strength today that yields the photon-graviton conversion prob-
ability of 10−8 as a function of the magnetic coherent length ℓc measured today.
4 Summary
So far, our argument has been based on Eq. (6). As we have discussed in the last section,
the conversion probability should be modified and replaced by Eq. (6) if the coherent
length of the magnetic field becomes smaller than the critical value RA which depends on
the photon frequency. Fig. 4 shows the magnetic field strength today as a function of the
coherent length today required to yield the conversion probability of 10−8 for two photon
frequencies ν = 200 GHz and 500 GHz. This level of deviation from the Planck distribu-
tion is far below the present sensitivity, which is ∼ 10−4, but is expected to be achieved
in future experiments such as PIXIE [20]. We find that the bound on the magnetic field
strength for ℓc > RA is . 0.4 µG (the precise value depends on the photon frequency).
This value is comparable to the BBN bound. For ℓc < RA, the bound on B scales as
B ∝ ℓ−1/2c . The value of RA depends on the photon frequency but, for the range of our
interest, it is O(0.1 Mpc). Some literature [26,26] suggest the magnetic damping becomes
non-negligible below this scale and our simple scaling of the magnetic field B ∝ a−4 would
accordingly be modified for such a case.
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